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Abstract 
 

This paper describes a low computational direct approach for optimal motion planning and obstacle avoidance of Omni-directional mobile 
robots within velocity and acceleration constraints on the robot motion. The main purpose of this problem is the minimization of a 
quadratic cost function while limitations on velocity and acceleration of robot are considered, and collision with any obstacle in the robot 
workspace is avoided. This problem can be formulated as a constrained nonlinear optimal control problem. To solve this problem, a direct 
method is utilized which employs polynomials functions for parameterization of trajectories. By this transforming, the main optimal control 
problem can be rewritten as a nonlinear programming problem (NLP) with lower complexity. To solve the resulted NLP and obtain optimal 
trajectories, a new approach is used with very small run time. Finally, the performance and effectiveness of the proposed method are tested 
in simulations and some performance indexes are computed for better assessment. Furthermore, a comparison between the proposed 
method and another direct method is done to verify the low computational cost and better performance of the proposed method.  
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1. Introduction 

Omni-directional mobile robots are becoming 
increasingly popular in mobile robot applications since 
they have some distinguishing advantages in comparison 
with nonholonomic mobile robots. The ability to move in 
any direction, irrespective of the orientation of the 
vehicle, makes it an attractive robot. The small-sized 
league of the annual RobuCup competition is an example 
where Omni-directional mobile robots are employed. 
Motion planning is one of the most important issues in 
these competitions. Indeed, the robot must be able to 
move in its workspace while avoiding obstacles to reach 
desired destination position in an optimal trajectory.  
In a common form, the motion planning problem can be 
formulated as an optimal control problem (OCP). Since 
the resulted optimal control problem is a complex and 
nonlinear problem, analytic solutions are hard or even 
non-existent. Thus, numerical methods are needed for the 
solution of these problems. The numerical solutions of 
nonlinear OCPs are generally classified as indirect and 
direct methods (Rao, 2009; Betts, 1998; Von Stryk and  
 
Bulirsch, 1992). In indirect methods, the optimality 
conditions are considered via Pontryagin’s maximum 

principle or vibrational principle (Bryson, 1975; Hartl, 
1995). Then, the problem is converted to a two-point 
boundary value problem which would be solved 
numerically. The main disadvantage of the indirect 
methods is that these methods cannot handle 
discontinuities in the problem which arise from high 
nonlinearities in the constraints of the problem.  
Thus, direct methods come to replace indirect ones to 
solve more complex optimal control problems. The basic 
principle of the direct methods is parameterization of the 
OCP and solving it using appropriate nonlinear 
programming (NLP) techniques (Rao, 2009). The direct 
methods can be employed by parameterization of the state 
variables (Jaddu, 1998; Jaddu, 2002; Jaddu & Vlach, 
2002), control variables (Goh & Teo, 1988) or both the 
state and control variables (Vlassenbroeck and Van 
Dooren, 1988; Frick and Stech, 1993). 
Direct shooting methods (Kirches and Wirsching (2012); 
Assassa and Marquardt (2014)) and direct collocation 
methods (Kameswaran and Biegler (2008); Garg et al., 
(2011); Tohidi & Nik (2015); Von Stryk (1993)) are two 
basic methods of direct methods which operate by 
parameterization of control variable and both of state and 
control variables, respectively. 
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and acceleration of these robots which should be satisfied 
in motion planning problem. 
One image of these competitions is shown in Fig. 1. 

 

Fig. 1. Small-sized Robocop competitions 

4. Problem Statement, Formulation, and Assumption 

In this section, the main purpose of motion planning 
problem is described and formulated as a nonlinear 
optimal control problem.  

 A quadratic cost function be minimized. 
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 The maximum velocity and acceleration on robot be 
satisfied. 
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 The robot must move from initial point to goal point. 
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 The model of the Omni-directional robot be 
considered. 
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In which Q  is a symmetric positive semi-definite matrix, 
and R is a symmetric positive definite matrix; 

0jx  and 

,
fjx ( 1,...,4)j   are the initial and final positions and 

velocities of robot, respectively; (X(t), t)iS represents the 
time-varying boundaries of the static obstacles, maxv and 

maxa are the maximum velocity and acceleration of robot, 
respectively. 

Since the desired trajectory will be used for the motion 
planning of Omni-directional mobile robots in small-sized 
league, the following assumptions are considered. 

Assumption 1:  

The weights of all states and inputs in the cost function 
are considered to be equal.  

2 2 2 2 2 2
1 2 3 4 1 20

1 (x x x x ) ,
2

ft
J u u dt       (14) 

Assumption 2:  

Obstacles are presented by circles with radius ir  which 

are centered at .
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Assumption 3:  

The initial time and position of the robot are considered at 
the origin. 

1(0) 0,x  2 (0) 0x   (16) 

Assumption 4:  

The initial and final velocity of the robot should be zero. 

3 (0) 0,x  4 (0) 0,x  3( ) 0,fx t  4 ( ) 0fx t   (17) 

Finally, the resulted nonlinear OCP can be presented as 
follows: 
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s.t: 
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Polynomials trajectories for scenario#1 are obtained as 
follows: 

2 3 4
1(t) 0.3832 0.0324 0.0087 ,x t t t    (38) 

2 3 4
2 (t) 5.28 3.2037 0.471x t t t     (39) 

2 3
3(t) 0.7664 0.0972 0.0348 ,x t t t    (40) 

2 3
4 (t) 10.5599 9.6111 1.884 ,x t t t     (41) 

2
1(t) 7.6644 0.0194 0.1044 ,u t t    (42) 

2
2 (t) 10.5599 19.2222 5.652u t t     (43) 

Fig. 2 shows the position, velocity, and acceleration of 
robot using two NLP solution methods in scenario#1. 
The optimal trajectories using two NLP solution methods 
for scenario#1 are illustrated in Fig. 3.  
Also, to study the impact of maximum limitation on the 
velocity and acceleration of robot, the diagrams of the 
square of total velocity, and the acceleration of robot 
using two solution methods in scenario#1 is shown in Fig. 
4.  

 
Fig. 2.  Position, velocity, and acceleration of robot using two NLP 

solution methods in scenario#1 

 

Fig. 3.  Obtained optimal trajectories using two NLP solution methods in 
scenario#1 

As shown in Fig. 4, the maximum of square of total 
velocity and acceleration of robot by two NLP solution 
methods are specified in the diagrams.  With respect to 
these values, we get: 
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Fig. 4. Square of total velocity and acceleration of robot using two NLP 
solution methods in scenario#1 

Thus, the maximum limitation on velocity and 
acceleration of robot in scenario#2 is considered as 
follows: 

max 1.5 1.22 / ,v m s  2
max 4 2 /a m s   (45) 

 

So, we have two constraints as follows: 

 

2 2
3 4(t) (t) 1.22,x x   (46) 

2 2
1 2(t) (t) 2u u   (47) 

 

Polynomials trajectories for scenario#2 are obtained as 
follows: 

2 3 4
1(t) 1.8128 0.8493 0.108 ,x t t t    (48) 

2 3 4
2 (t) 0.1652 0.0922 0.0265x t t t    (49) 

2 3
3(t) 3.6256 2.5479 0.432 ,x t t t    (50) 
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